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An analytical method has been developed to predict creep crack initiation (CCI), based on the accumulation of a critical
level of damage at a critical distance. The method accounts for the re-distribution of stress from the elastic or elastic–plas-
tic ﬁeld, experienced on initial loading, to a steady state creep stress distribution, via a transient creep region. The method
has been applied to predict CCI times in a fracture specimen of type 316H stainless steel at 550 C. The failure model has
been also been implemented into a ﬁnite element (FE) framework. Reasonable and conservative predictions of CCI time
can be obtained from the analytical solution relative to FE solutions. Conservative predictions of experimental CCI times
are obtained when stress redistribution is taking into account. However, CCI times predicted from a steady state creep
model are found to be non-conservative.
 2006 Elsevier Ltd. All rights reserved.
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Failure of components operating at high temperature can occur by crack growth from pre-existing defects
due to the accumulation of time dependent inelastic (creep) strains. Creep crack initiation (CCI) in a ductile
material may be considered to occur at the time when micro-cracks (formed by the nucleation, growth and
coalescence of voids ahead of a pre-existing defect) ﬁrst link up with the main defect (Holdsworth, 1992).
These voids and micro-cracks can generally be referred to as ‘creep damage’. The CCI period may occupy
a large fraction of the components lifetime in high temperature plants. Thus the prediction of the CCI time
is fundamental in high temperature component life assessments.
At high temperatures, crack tip stresses will re-distribute from the linear elastic K ﬁeld or elastic–plastic
HRR ﬁeld towards a steady state creep ﬁeld via a transient creep region. Many initiation prediction methods
assume that initiation occurs under steady state conditions, controlled by the C* parameter, for example the0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.08.036
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tin and Webster, 1992).
In this work an analytical method to estimate CCI times is described. The method accounts for stress redis-
tribution from elastic or elastic–plastic conditions on initial loading to small scale creep and eventually to
widespread creep conditions. The sensitivity of the CCI predictions to input parameters is considered and
the method is assessed by comparing its predictions with those obtained from ﬁnite element (FE) solutions
and with experimental data.
2. High temperature deformation
2.1. Elastic–plastic deformation
The Ramberg–Osgood material model is widely used to describe the stress–strain behaviour of isotropic
strain hardening materials. It may be written in non-dimensional uniaxial form ase
ep0
¼ r
rp0
þ a r
rp0
 N
; ð1Þr and e are the stress and strain, respectively, rp0 and ep0 are the normalising (plastic) stress and strain, respec-
tively, N is the power-law plastic hardening exponent and a is an additional material constant.
2.2. Creep deformation
The average creep strain rate, _eA, at a given stress is deﬁned by the ratio of the uniaxial creep ductility, ef, to
the time to rupture, tr,_eA ¼ eftr : ð2ÞThe average creep strain rate can be used to describe the three regions of the creep curve–primary, secondary
and tertiary creep, as shown in Fig. 1. The stress dependency of the average creep strain rate, _eA, can often be
represented as a power-law, such that,_eA ¼ _e0 rr0
 n
; ð3Þwhere n is the power-law creep stress exponent and r0 and _e0 are normalising creep stress and creep strain rate,
respectively.t rTime, 
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Fig. 1. Deﬁnition of the average creep strain rate, _eA.
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Failure is to be predicted using a critical creep strain based criterion. Under multiaxial stress conditions a
method is required to determine the critical creep strain for failure, denoted ecrit. This multiaxial failure strain
may be related to the experimentally measurable creep failure strain under uniaxial conditions, ecrit, through a
multiaxial strain factor (MSF).ecrit ¼ ecritMSF ð4ÞThe value of the MSF for a particular material may be determined experimentally or estimated using a failure
mechanism model, such as the Cocks and Ashby (1980) model for grain boundary void growth, which is em-
ployed here. The MSF derived from the Cocks and Ashby model depends on the ratio between the mean
(hydrostatic) and equivalent Mises stress, rm=r, often referred to as the triaxiality and here denoted h, and
also depends on creep stress exponent, n. Using this model it can be shown (see e.g. Davies, 2006) that the
MSF is given byMSFðh; nÞ ¼
Sinh 2ðn1=2Þ
3ðnþ1=2Þ
Sinh 2hðn1=2Þðnþ1=2Þ
: ð5ÞThe dependency of the Cocks and Ashby MSF on triaxiality, h, is illustrated in Fig. 2, for n = 10, in which
it is seen that the MSF is a strongly decreasing function of triaxiality (in other words an increase in triaxiality
leads to a signiﬁcant decrease in the multiaxial failure strain).4. Crack tip parameters and crack tip ﬁelds
Fracture mechanics relies on the use of characterising parameters to describe the conditions in the vicinity
of a sharp crack tip. Depending on the material and/or loading conditions diﬀerent parameters may be used to
characterise the stress and strain ﬁelds near the crack tip. For a linear elastic material, or for elastic–plastic
materials below their yield stress, the stress ﬁeld in the vicinity of a sharp crack, rij, may be written as
(Williams, 1957)0.001
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Fig. 2. Multiaxial strain factor (MSF) from the Cocks and Ashby model as a function of triaxiality, h, for n = 10.
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2pr
p fijðhÞ; ð6Þwhere K is the linear elastic stress intensity factor, r is the radial coordinate from the crack tip and fij is a non-
dimensional function of angle, h. Deﬁning fm and f as the corresponding mean (hydrostatic) and Mises equiv-
alent stress functions, respectively, which are non-dimensional functions of h and m, the triaxiality under linear
elastic plane strain conditions, here designated, hk, is given by,hk ¼ fmðh; vÞf ðh; vÞ ¼
2
3
ð1þ vÞ ð1 2vÞ2 þ 3 sin2 h
2
 12
: ð7ÞSolutions for the angular functions f and fm are widely available, (see e.g. Webster, 1994).
For most materials, plastic deformation occurs near the crack tip where the stress exceeds the yield stress of
the material, leading to the formation of a plastic zone close to the crack tip. In a material which deforms
according to Eq. (1), the crack tip stress and strain distributions are given by the HRR ﬁeld (Hutchinson,
1968; Rice and Rosengren, 1968). The amplitude of the stress is given by the path independent J parameter
(Rice, 1968) such thatrij
rp0
¼ J
aep0rp0IN r
  1
Nþ1
~rijðh;NÞ; ð8Þwhere IN is a dimensionless constant depending on N. The functions ~rij are non-dimensional function of crack
tip angle, h and N. Solutions for ~rij are tabulated (Shih, 1983). Deﬁning ~rm and ~r as the corresponding mean
(hydrostatic) and Mises equivalent stress functions, respectively, which are also non-dimensional functions of
h and N, we can write the triaxiality within the HRR ﬁeld, designated hHRR ashHRR ¼ ~rmðN ; hÞ~rðN ; hÞ : ð9ÞFor a material which exhibits time dependent (creep) deformation, a creep zone will develop close to the
crack tip for times, t > 0. The size of this creep zone will increase with time, ultimately encompassing the whole
specimen or component. At short times, the creep zone is small in relation to the crack length (or uncracked
ligament width) and conditions are designated as small scale creep (SSC). During transition creep (intermedi-
ate times) the creep zone is comparable to the relevant specimen dimensions. Under these transient creep con-
ditions the elastic and/or plastic strain rates in the vicinity of the crack tip may be signiﬁcant. The crack tip
ﬁelds have the same form as the HRR ﬁeld and are analogous to Eq. (8), with the amplitude controlled by a
time dependent parameter designated as C(t) (Bassani and McClintock, 1981) and the hardening exponent N
and the normalising plastic stress and strain replaced by the creep stress exponent n and the normalising creep
stress and strain rate, respectively. Hence, the transient creep ﬁelds are described as (Riedel and Rice, 1980)rij
r0
¼ CðtÞ
r0 _e0Inr
  1
nþ1
~rijðh; nÞ; ð10Þwhere In is a dimensionless constant depending on creep stress exponent, n, and ~rij is a non-dimensional func-
tion of crack tip angle, h and n. These ﬁelds are referred to here as the RR ﬁelds. The C(t) parameter can be
deﬁned by a path dependent crack tip integral, the value of which is determined along a path very close to the
crack tip. Thus in a numerical analysis a ﬁne mesh is required to resolve the value of C(t).
At long times, the creep zone extends through the entire uncracked region (widespread creep) and steady
state condition are established with stress and strain no longer varying with time. Under widespread creep con-
ditions C(t) becomes both path and time independent and is designated C* (Landes and Begley, 1976; Nikbin
et al., 1976). The crack tip stress ﬁelds are then given asrij
r0
¼ C

r0 _e0Inr
  1
nþ1
~rijðh; nÞ: ð11Þ
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state and transient creep, denoted hRRss and hRR, respectively, are equal and given byhRR ¼ hRRss ¼ ~rmðh; nÞ~rðh; nÞ ; ð12Þwhere, in this case ~rm and ~r are, respectively, non-dimensional functions of h and n, corresponding to the
mean (hydrostatic) and Mises equivalent stress functions in the RR and RRss ﬁeld.
Eqs. (6), (8), (10) and (11) describe the range of stress conditions which may prevail near a sharp crack tip.
Diﬀerent parameters may be relevant at diﬀerent times and positions for a given specimen or component. For
example, at short times in an elastic–plastic material it is expected that close to the crack tip the stress ﬁeld will
be given by the HRR ﬁeld scaled by J (Eq. (8)) while further away from the crack tip the appropriate param-
eter is K. Under SSC the stress ﬁelds close to the crack tip will be given by the RR distribution, Eq. (10), with
amplitude C(t) while as steady state conditions are reached the stress will be given by the constant RRss dis-
tribution with amplitude C*. For a ﬁxed material point therefore, the stress ﬁeld will change with time and thus
any method to predict crack initiation should take this transient behaviour into account.
4.1. Estimation of crack tip parameters
To carry out a failure assessment, methods are required in order to evaluate the appropriate crack tip char-
acterising parameter.
Under linear elastic conditions J is related to the stress intensity factor, K, byJ ¼ K
2
E0
; ð13Þwhere E 0 is the eﬀective elastic modulus (=E for plane stress and E/(1  v2) for plane strain conditions). Eq.
(13) applies for a linear elastic material. Under small scale yielding conditions (SSY) when the plastic zone size
is small, Eq. (13) can be adjusted for crack tip plasticity by evaluating K at an eﬀective crack length, ae. The
EPRI (Kumar et al., 1981) estimate for J covers the full elastic–plastic range and is given by the sum of the
SSY and plastic components:J ¼ K
2ðaeÞ
E0
þ aep0rp0ch1ða=W ;NÞ PP p0
 Nþ1
; ð14Þwhere h1 is a dimensionless function of normalised crack length and hardening exponent, N, Pp0 is a normal-
ising load related to rp0 and c is the characteristic length scale for the geometry (e.g. crack length). Solutions
for h1 have been obtained numerically and are tabulated in, e.g. Kumar et al. (1981).
For a power-law creep material, C* may be evaluated using the fully plastic component of the EPRI solu-
tion for J (the second term on the RHS of Eq. (14)) by replacing the quantities ep0, rp0, N, and Pp0 in Eq. (14)
by _e0, r0, n and P0, respectively, that isC ¼ _e0r0ch1ða=W ; nÞ PP 0
 nþ1
; ð15Þwhere P0 is a normalising load related to the normalising stress r0.
Eq. (15) may be considered to be an exact solution for C* with h1 determined from ﬁnite element solutions.
No equivalent result is available for C(t) but a number of approximate solutions are available. Ehlers and Rie-
del (1981) provide an expression to estimate C(t) for times ranging from SSC to widespread creep conditions in
an elastic-power-law creeping material,CðtÞ ¼ 1þ K
2=E0
Cðnþ 1Þt
 
C: ð16ÞAinsworth and Budden (1990) have developed an alternative expression for estimating C(t) under elastic-creep
conditions,
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nþ1
ð1þ t=sÞnþ1  1
 !
C: ð17ÞIn Eq. (17) s is the redistribution time, an estimate of the time taken for C(t) to reach its steady state value, C*,
and is determined froms ¼ J
C
; ð18Þwhere J takes its value on initial loading (Ainsworth and Budden, 1990). Similar predictions of C(t) are ob-
tained from Eqs. (16) and (17) (see Ainsworth and Budden, 1990) and at short times the predictions from the
two equations are indistinguishable. The expression shown in Eq. (17) for C(t) has the advantage over Eq. (16)
that it may be easily integrated with respect to time, though in general Eq. (16) is preferred as it provides a
more accurate solution (compared to FE solutions), particularly for times close to the redistribution time, s.
For an elastic–plastic-creeping material, where the creep stress exponent is greater than the plasticity hard-
ening exponent (n > N), at short times C(t) may be estimated from (Kim et al., 2000; Riedel, 1987)CðtÞ ¼ Jðnþ 1Þt ; ð19Þwhere J takes its elastic–plastic value on initial loading. Following the approach of Ehlers and Riedel (1981)
the short time solution of Eq. (19) and the long time solution (C(t) = C*) can be combined to provide an esti-
mate for C(t) under elastic–plastic conditionsCðtÞ ¼ 1þ sðnþ 1Þt
 
C; ð20Þwhere s is evaluated from Eq. (18) using the elastic–plastic value of J on initial loading. Under elastic-creep
conditions or small scale plasticity, Eq. (20) becomes equal to Eq. (16). An easily integrable expression for
C(t), in the form of Eq. (17), for elastic–plastic-creep conditions has yet to be determined.
5. Initiation prediction models
A number of diﬀerent methods exist to predict CCI which can be classiﬁed into two main approaches. First-
ly the individual microstructural damage mechanisms can be modelled (see e.g. Onck and van der Giessen,
1999; Michel, 2004; Sun et al., 1997) and fracture examined at the length scale at which the damage mecha-
nisms are operative. Such approaches generally require a large number of material parameters, which may be
diﬃcult to obtain. Alternatively a continuum damage based approach can be employed (see e.g. Becker et al.,
2002; Bouchard et al., 2004) where the eﬀects of the speciﬁc fracture phenomena are accounted for through a
single damage variable (Kachanov, 1986). In this work, the latter approach is taken.
In previous work, analytical models have generally assumed that crack initiation and growth occur under
steady state conditions, and are thus based on the steady state C*. Riedel and Rice (1980) introduced a model
to describe initiation from a stationary crack tip with initiation deemed to occur at the attainment of a critical
equivalent strain at a characteristic distance. The model accounts for the angular variation in stress and strain,
but the critical equivalent strain is assumed to be a material property (independent of stress triaxiality). More
recently, a model known as the NSW-MOD model was developed by Yatomi et al. (2006) to predict steady
state creep crack growth. The model has been applied to predict creep crack initiation (Davies et al., 2006)
taking the initiation time to be the time for a measurable amount of crack growth to occur (under steady state
conditions). In the NSW-MODmodel, crack growth is deemed to occur when a critical amount of damage has
accumulated ahead of a growing crack tip. The model accounts for the angular variation in the crack tip stress
and strain ﬁelds and the associated variation in the crack tip triaxiality and allows for crack initiation and
growth along an arbitrary angle.
An enhancement to these models was presented in Davies et al. (2006). In this model CCI is predicted from
a stationary sharp crack tip. Failure is phrased in terms of the accumulation of creep damage and crack ini-
tiation occurs when damage reaches a critical condition at the critical distance, d. The critical damage may ﬁrst
C.M. Davies et al. / International Journal of Solids and Structures 44 (2007) 1823–1843 1829be attained at any crack tip angle, h, (see Fig. 3) and therefore the angular dependency of the critical equiv-
alent strain and equivalent stress must be accounted for. The distance, d, may be related to a characteristic
microstructural length, e.g. grain size. The stress/strain at d may also be considered as a representative mea-
sure of the stress/strain within a volume of the creep process zone. In this work, a ductility exhaustion model is
assumed so that the rate of creep damage is given by the ratio of the equivalent creep strain rate, _ec, to the
critical creep strain under multiaxial conditions, ecrit. For a power-law creeping material the rate of creep dam-
age, denoted _x, is written as_x ¼ _e
c
ecrit
¼ _e0
MSFðhÞecrit
rðtÞ
r0
 n
; ð21Þwhere the equivalent stress, r, and the triaxiality, h, take their appropriate values, depending on whether the
stress at the initiation distance, d, for a given time follows the K, HRR, RR or RRss ﬁeld solution. Note that
when employing the Cocks and Ashby relation the MSF is also an explicit function of creep exponent, n. The
critical strain, ecrit, is assumed to be constant for a given material and temperature. The total creep damage
accumulated in a time t is then evaluated from the integralxðtÞ ¼
Z t
0
_xdt ¼ _e0
ecritrn0
Z t
0
rnðtÞ
MSFðhÞ dt: ð22ÞAt t = 0, the material is assumed to be undamaged and x = 0. Failure is conceded when the damage param-
eter, x, attains the value of unity. No additional complication is introduced if it assumed that the material has
experienced some creep damage prior to the current loading. In this case Eq. (22) can be replaced byxðtÞ ¼ x0 þ
Z t
0
_xdt ¼ x0 þ _e0ecritrn0
Z t
0
rnðtÞ
MSF ðhÞ dt; ð23Þwhere x0 is the initial damage and may vary from point to point within the material.
5.1. Initiation under steady state creep
Assuming that creep strain accumulation occurs predominantly during steady state creep, which may be a
reasonable assumption for materials with a very high creep failure strain and/or under widespread plasticity
when n = N (Kim, 2001; Kim et al., 2001), then the crack tip stress distribution remains constant with time
and is given by the RRss ﬁeld, Eq. (11). The creep damage accumulated under RRss stress ﬁeld control at
a time t is thenxRRss ¼ _e0ecritrn0
Z t
0
rnRRssðtÞ
MSF RRss
dt; ð24Þwhere rRRss denotes the equivalent stress distribution in the steady state RRss ﬁeld, Eq. (11), and MSFRRss the
multiaxial strain factor associated with the triaxiality value during steady state creep, hRRss. The time to failure
at a given crack tip angle, h, and radial distance, d, from Eqs. (4), (11) and (24), is obtained directly by inte-
grating the term on the RHS of Eq. (24) to give,Failed region
d x
y
r 
=
 d 
θ
Fig. 3. Schematic illustration of creep crack initiation.
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_e0
_e0r0Ind
C
  n
nþ1 MSFRRss
~rnRR
: ð25ÞInitiation is deﬁned here as the time for ﬁrst failure at the characteristic distance, d, at any angle, h, and occurs
at the angle, denoted hi, where the function MSFRRss=~rnRR is a minimum, and thustRRssi _e0
ecrit
¼ _e0r0Ind
C
  n
nþ1MSFRRss
~rnRR

min
: ð26ÞEq. (26) may be presented in a fully normalised fashion, depending only upon the creep exponent, n, by plot-
ting ti normalised by _e0=ecrit against C
=_e0r0d.5.2. Initiation under K ﬁeld control
If it is assumed that on initial loading a point at the initiation distance d from the crack tip is within the
K-dominant region, then the stress is given by the K-ﬁeld, Eq. (6), and the creep damage parameter at time
t, denoted xK, is evaluated using Eq. (22) asxK ¼ _e0ecritrn0
Z t
0
rnK
MSFK
dt; ð27Þwhere rK is the equivalent (von Mises) stress in the linear elastic K ﬁeld and MSFK is evaluated using the K
ﬁeld triaxiality value, hK, Eq. (7). The term on the RHS of Eq. (27) may be integrated to givexK ¼ _e0ecritMSFK
K
r0
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pd
p f
 n
t; ð28Þwhere the dimensionless function f is a function of crack tip angle h and Poisson’s ratio, v. For this situation
the initiation time, tKi , is given in normalised form astKi _e0
ecrit
¼ r0
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pd
p
K
 !n
MSFK
f n

min
: ð29ÞEq. (29) may be rewritten in terms of C*, noting that s = J/C*, using Eqs. (13) and (18), to givetKi _e0
ecrit
¼ 2pð1 v2Þ r0ep0
rp0 _e0s
_e0r0d
C
 n
2MSFK
f n

min
; ð30Þunder plane strain conditions. Note that while in Eq. (29), the normalised initiation time, tKi _e0=ecrit, is unique
for a given normalised load, K/r0
p
d, and n, the normalised initiation time in Eq. (30) is dependent upon
groups of dimensionless parameters in addition to the normalised load parameter, C=_e0r0d, and n.5.3. Initiation under HRR ﬁeld control
If on initial loading a point at a radial distance d from the crack tip is in the plastic zone, the stress is expect-
ed to be given by the HRR ﬁeld solution, Eq. (8), and the value of creep damage at time t, denoted xHRR, isxHRR ¼ _e0ecrit
rp0
r0
 n J
aep0rp0INd
  n
Nþ1 ~rnHRR
MSFHRR
t; ð31Þwhere rHRR is the equivalent stress in the HRR ﬁeld and MSFHRR is evaluated using the HRR ﬁeld triaxiality
value, hHRR, Eq. (9). The initiation time, tHRRi , is thentHRRi _e0
ecrit
¼ r0
rp0
 n aep0rp0INd
J
  n
Nþ1MSFHRR
~rnHRR

min
: ð32Þ
C.M. Davies et al. / International Journal of Solids and Structures 44 (2007) 1823–1843 1831It may be seen from Eq. (32) that for a given material (ﬁxed N, n and r0/rp0) normalised initiation time,
tHRRi _e0=ecrit, depends only on the normalised load parameter, J/aep0rp0d. Eq. (32) may be re-written in terms
of C* asFig. 4.tHRRi _e0
ecrit
¼ r0
rp0
 n aep0rp0IN
s_e0r0
r0 _e0d
C
  n
Nþ1MSFHRR
~rnHRR

min
ð33Þand tHRRi _e0=ecrit may be written in terms of C
=r0 _e0d. Note that the relationship is now dependent upon
aep0rp0=s_e0r0 in addition to N, n and r0/rp0.5.4. Initiation under transient creep stress conditions
The previous initiation time relations were based on the assumption that during the period up to initiation
the stress and strain ﬁelds are given either by K, J or C*. More generally, at a given point in a creeping body,
the parameter characterising the stress/strain distribution will change with time. This is illustrated schemati-
cally in Fig. 4. If the point is initially (at time zero) situated in the elastic zone, Fig. 4(a), the stress is initially
controlled by K, and denoted rK. After a period of time, here designated the changeover time and denoted
tK-RR, the material point will enter the creep zone controlled by C(t) and the stress will follow the transient
RR ﬁeld distribution, rRR(t). At long times, C(t) tends to C*, and the stress is given by the RRss distribution.
Similarly, if the point is initially within the plastic zone controlled by J, as shown in Fig. 4(b), then initially
the stress at that point is expected to follow the HRR ﬁeld. After the changeover time, which in this case istt K-RR
 K
 RRss
 RR (t)
C (t ) = C*
i
x
d
Elastic
region
Plastic
zone
y
tt HRR-RR
 HRR
 RRss
 RR(t)
C (t ) = C*
Plastic
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i
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d
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y
θ
θ
τ
τ
σ
σ
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b
a
Evolution of the stress ﬁeld at a given point initially in (a) the K dominant zone and (b) the J dominant zone, on initial loading.
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transient RR ﬁeld distribution,rRR(t). Again as C(t) approaches C*, rRR(t) approaches rRRss.5.4.1. Elastic-creep conditions
The changeover time, tK-RR, for the stress ﬁeld to change from K ﬁeld control to the transient RR stress
ﬁeld, deﬁned by the C(t) parameter, is estimated by equating the von Mises equivalent stress given by Eqs.
(6) and (10)Kﬃﬃﬃﬃﬃﬃﬃﬃ
2pd
p f ¼ r0 CðtÞr0 _e0Ind
  1
nþ1
~rRR: ð34ÞRearranging Eq. (34) and dividing by C* we obtainCðtÞ
C
¼ K
r0
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pd
p
f
~rRR
 nþ1
r0e0Ind
C
: ð35ÞSubstituting Eq. (16) into Eq. (35), the time at which the K ﬁeld and RR stress solutions equate, at a radial
distance d, is given bytK-RR ¼ K
r0
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pd
p
f
~rRR
 nþ1
r0e0Ind
C
 1
" #1
s
nþ 1 : ð36ÞNote that the changeover time is a function of crack tip angle, h, (through the functions f and ~rRR) i.e. dif-
ferent points in the body will have a diﬀerent changeover time.
For times less than the changeover time (t < tK-RR) the equivalent stress is given by the K ﬁeld (Eq. (6)). For
times greater than tK-RR, the equivalent stress is given by the RR stress ﬁeld, controlled by C(t), Eq. (10). If xK
at a point (of crack tip distance, d, and angle h) attains the value of unity prior to the changeover time, tK-RR,
then that point fails under K ﬁeld control and the failure time is given bytKf _e0
ecrit
¼ r0
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pd
p
K
 !n
MSFK
f n
: ð37ÞIf xK is less than unity at time tK-RR, then the fraction of the creep damage parameter accumulated for
t > tK-RR, denoted xK-RRRR , is given byxK-RRRR ¼
Z t
tK-RR
_e0
ecrit
rRR
r0
 n
dt ¼ _e0~r
n
RR
ecritMSFRR
1
_e0r0Ind
  n
nþ1 Z t
tK-RR
CðtÞ nnþ1 dt: ð38ÞThe subscript RR associated with xK-RRRR signiﬁes that damage is accumulating under RR ﬁeld control and the
superscript K-RR indicates that a changeover from the K ﬁeld to the RR ﬁeld has taken place.
Using the integrable approximation for C(t) given by Eq. (17), the integral on the RHS of Eq. (38) may be
written asZ t
tK-RR
CðtÞ nnþ1 dt ¼ C nnþ1
Z t
tK-RR
ð1þ t=sÞnþ1
ð1þ t=sÞnþ1  1
 ! n
nþ1
dt; ð39Þwhich can be integrated and substituted into Eq. (38) to givexK-RRRR ¼
_e0s
ecrit
C
_e0r0Ind
  n
nþ1 ~rnRR
MSFRR
1þ t
s
 	nþ1
 1
  1
nþ1
 1þ tK-RR
s
 	nþ1
 1
  1
nþ1
" #
: ð40ÞThe total value of the creep damage parameter accumulated at times t > tK-RR, isxðt; hÞ ¼ xKðtK-RRÞ þ xK-RRRR ðtÞ: ð41Þ
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to occur at a point after changeover from K ﬁeld control, denoted xK-RRRRi , is given byxK-RRRRi ¼ 1 xKðtK-RRÞ: ð42Þ
Substituting the value of xK-RRRRi calculated from Eq. (42) (using Eqs. (28) and (36)) into Eq. (40) the failure time
for a material point initially in the K-dominant zone can be obtained. The failure time, designated tK-RRf is then
given bytK-RRf
s
¼ ecrit
_e0s
r0 _e0Ind
C
  n
nþ1 xK-RRRRi MSFRR
~rnRR
þ 1þ tK-RR
s
 	nþ1
 1
  1
nþ1
 !nþ1
þ 1
2
4
3
5
1
nþ1
 1: ð43ÞHere, tK-RRf is normalised by s, rather than _e0=ecrit. The initiation time is deﬁned as the time for ﬁrst failure at a
given distance d. Hence, the initiation time under transient elastic-creep conditions, tK-RRi , is predicted to be the
minimum failure time calculated for all angles at d, where the failure time for a given point (of crack tip dis-
tance, d, and angle, h) is predicted using Eq. (37) or (43), depending on whether failure occurs under K or RR
ﬁeld control (i.e. before or after the changeover time, tK-RR).5.4.2. Elastic–plastic-creep conditions
If the material point of interest is initially within the J dominant zone a similar procedure to that adopted in
the previous section is applied. However, an additional complication arises in this case. The linear elastic stress
is expected to be greater than the steady state creep stress, rRRss, at crack tip distances relevant to initiation.
Thus, it may be safely assumed that the stress magnitude at the initiation distance, d, reduces with time as
illustrated in Fig. 4(b). However, under certain conditions the equivalent elastic–plastic stress at d, rHRR,
may be greater than rRRss and thus the stress increases with time (for example for n > N, rHRR > rRRss at dis-
tances very close to the crack tip, while the opposite is true for n < N). Both situations are described in this
section.5.4.2.1. Case 1: rHRR > rRRss. Assuming that rHRR evaluated at distance d is greater than rRRss then, following
the method described in Section 5.4.1, the changeover time from the HRR to the RR stress ﬁeld, tHRR-RR, istHRR-RR
s
¼ rp0
r0
J
aep0rp0INd
  1
Nþ1 ~rHRR
~rRR
 !nþ1
r0 _e0Ind
C
 1
2
4
3
5
1
1
nþ 1 : ð44ÞIf xHRR, calculated using Eq. (31), attains the value of unity before the time tHRR-RR then failure occurs
under HRR ﬁeld control, and the failure time at that point is predicted from,tHRRf _e0
ecrit
¼ r0
rp0
 n aep0rp0INd
J
  n
Nþ1 MSFHRR
~rnHRR
: ð45ÞIf failure has not occurred prior to the time tHRR-RR, then the total value of the creep damage accumulated
for a time t isxðt; hÞ ¼ xHRRðtHRR-RRÞ þ xHRR-RRRR ðtÞ: ð46Þ
The creep damage fraction to be accumulated under RR ﬁeld control for failure to occur, after changeover
from HRR ﬁeld control, is denoted xHRR-RRRRi and is given byxHRR-RRRRi ¼ 1 xHRRðtHRR-RRÞ: ð47Þ
Following the steps between Eqs. (38)–(43), the failure time for a point where rHRR is initially greater than
rRRss at a time t > tHRR-RR, denoted tHRR-RRf , is predicted to be
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s
¼ ecrit
_e0s
r0 _e0Ind
C
  n
nþ1xHRR-RRRRi MSFRR
~rnRR

min
þ 1þ tHRR-RR
s
 	nþ1
 1
  1
nþ1
 !nþ1
þ 1
2
4
3
5
1
nþ1
 1: ð48ÞNote that the expression obtained, elastic-creep conditions for Eq. (17), has been used as an approximation to
estimate C(t) in the derivation of Eq. (48), since an integrable estimate for C(t) under elastic–plastic-creep con-
ditions is currently unavailable.
5.4.2.2. Case 2: rHRR < rRRss. If the equivalent stress at d under HRR ﬁeld control is less than the steady
state creep stress, the stress at d does not relax but increases to the steady state creep value. Where this
situation arises a changeover time from a HRR ﬁeld stress to a transient creep stress, controlled by C(t),
cannot be easily deﬁned. It has therefore been assumed that, in this case, the HRR stress ﬁeld prevails until
the time s, after which the stress is given by the RRss ﬁeld, controlled by C*. This approach, while not
exact, leads to reasonable, and conservative, estimates of stress in the transition region (compared to ﬁnite
element solutions).
If xHRR, calculated using Eq. (31), attains the value of unity before the time s then failure occurs under
HRR stress control, and the failure time of that point is predicted from Eq. (45). If xHRR is less than unity
at time s then the total value of the creep damage parameter for a point at time t > s, is given byxðt; hÞ ¼ xHRRðsÞ þ xHRR-RRssRRss ðtÞ: ð49Þ
Using Eqs. (11) and (22), xHRR-RRssRRss ðtÞ can be expressed asxHRR-RRssRRss ðtÞ ¼
Z t
0
_ecðrRRssÞ
ecrit
dt ¼ _e0
ecrit
C
_e0r0Ind
  n
nþ1 ~rnRR
MSFRRss
ðt  sÞ: ð50ÞThe creep damage fraction to be accumulated under RRss control for failure to occur at a point, after change-
over from HRR ﬁeld control, denoted xHRR-RRssRRssi , is given byxHRR-RRssRRssi ¼ 1 xHRRðsÞ: ð51Þ
The failure time for a point at time t > s is thentHRR-RRf
s
¼ x
HRR-RRss
RRssi ecrit
_e0s
_e0r0Ind
C
  n
nþ1 MSFRRss
~rnRR
þ 1: ð52Þ5.4.2.3. Initiation time prediction. The initiation time under transient elastic–plastic-creep conditions, tHRR-RRi ,
is predicted to be the minimum failure time calculated for all angles at d, where the failure time for a given
point is predicted using Eqs. (45), (48) or (52), depending on the conditions described above.
6. Application of procedure
Section 5 has detailed the procedures to predict the CCI time under a range of conditions. To enable ini-
tiation time predictions during transient creep conditions where the ﬁeld characterising the stress changes dur-
ing the initiation period, knowledge of the ratio s = J/C* is required. This ratio is, in general, load and
geometry dependent, and therefore a geometry must be deﬁned in order to obtain a prediction of the initiation
time. An example of the method is presented here for a laboratory specimen for which solutions for J and C*
(and therefore s) are readily available.
6.1. Material model
A Ramberg–Osgood ﬁt to data from tensile tests on austenitic type 316H stainless steel at 550 C has been
made. This enables J and C* and therefore s to be estimated from the EPRI solutions, Eqs. (14) and (15). The
material properties are E = 140 GPa, N = 3 and rp0 = 170 MPa, ep0 = rp0/E and a = 5.8 (Davies, 2006).
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of uniaxial creep tests on austenitic type 316H stainless steel at 550 C (Bettinson, 2002). The creep stress expo-
nent in Eq. (1) is n = 10 and taking _e0 ¼ 1 h1 then r0 = 900 MPa (Davies, 2006). When the average creep
strain rate is used to describe the creep strain rate in conjunction with the Cocks and Ashby void growth mod-
el the critical failure strain ecrit may be taken to be the uniaxial creep ductility, ef, which is approximately 7%
for this material and temperature (Bettinson, 2002).
6.2. Example procedure
An example of the use of the method is presented here for a compact tension, C(T), specimen with crack
length to specimen width ratio a/W = 0.45. Results are presented for a normalised crack tip distance d/
a = 2.2 · 103 (corresponding to an initiation distance d = 0.05 mm on a standard C(T) specimen of width
W = 50 mm).
For the purposes of comparison, results are presented in terms of initiation time multiplied by _e0=ecrit plot-
ted against C=_e0r0Ind. When plotted in this manner, the prediction lines may have certain dependencies on
geometry or combination of material properties. The RRss line, Eq. (26), is however independent of all param-
eters (for a given n) and therefore is included on all ﬁgures as a reference line. Scales may be exaggerated in
places for illustration purposes. The region of practical relevance for this material is considered to be
1 · 108 < C* (MPa m/h) < 1; 0.05 6 d (mm) 6 0.2 and 1 6 ti (h) 6 1 · 105 corresponding approximately to
1 1012 6 C=_e0r0d 6 1 103 and to 14 6 ti _e0=ecrit 6 1:4 106, as indicated in some of the ﬁgures
presented.
6.2.1. Predictions under elastic-creep conditions
The K-RR initiation prediction is shown in Fig. 5 together with the K and RRss predictions. The former
two curves are relevant if it is assumed that the initiation distance, d, lies in the K dominant region on initial
loading (t = 0). The latter curve assumes that all damage takes place in the steady state creep regime. The K-
RR line is expected to provide the most accurate estimate of initiation times under elastic-creep conditions, as
it takes full account of stress redistribution during creep.
At low values of C=_e0r0d (low loads for a given d, or a high d for a given load) the K-RR line tends to the
RRss line. As C=_e0r0d increases, creep damage accumulation occurs increasingly under K ﬁeld stress control
and the K-RR line tends to the K line. The initiation angle from the RRss and K predictions are constant and1.E-10
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Fig. 5. Normalised initiation time predictions at a distance with a linear elastic K-ﬁeld stress distribution, K-ﬁeld followed by transient
creep stress distribution and steady state creep stress distribution.
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low values of C=_e0r0d, and increases towards h
K
i for C
=_e0r0d > 1 1012.
6.2.2. Predictions under elastic–plastic-creep conditions
The initiation times from the HRR-RR prediction are presented in Fig. 6 together with the HRR and RRss
predictions. The scales are again extended in order to show the transition from initiation under plasticity dom-
inated conditions (high values of C=_e0r0dÞ to creep dominated conditions (low values of C=_e0r0dÞ. The HRR
line is relevant if all damage is accumulated under HRR ﬁeld control. The HRR-RR line, which has previously
been presented in Davies et al. (2006), is expected to provide the most accurate estimate of initiation times
under elastic–plastic-creep conditions, as it takes full account of stress redistribution during creep. To describe
the behaviour of the HRR-RR prediction, ﬁve regions have been identiﬁed (see Fig. 6). At low values of nor-
malised C* (Region 1) the HRR-RR prediction approaches the RRss line. In this region the majority of the
damage is accumulated under steady state creep, (xHRR  0) and the HRR-RR and RRss predictions are
indistinguishable. Conversely, at high values of normalised C* (Region 5) the HRR-RR and HRR line are
identical as damage is accumulated solely under HRR control, (xRR = 0). Regions 2–4 describe the transient
region between HRR control and steady state creep conditions. It may be seen that for this combination of
material properties the region of practical interest is conﬁned to regions 4 and 5 and, in fact, the simple
HRR prediction provides a good estimate of initiation time (relative to the more complex HRR-RR relation)
over the region of practical relevance.
Note that the predicted angle of crack initiation is a function of C=_e0r0d and takes diﬀerent values in the
ﬁve regions identiﬁed in Fig. 6. In Region 4, hi gradually changes from that predicted by the HRR distribu-
tions (hi = 80 for N = 3) to hi = 0 and hi remains at 0 in Region 3. It may be noted that in this region the
HRR-RR line is parallel to the HRR line. This is because the damage at the initiation distance is found to
accumulate completely under HRR control. In Region 2, the initiation angle increases from hi = 0 to that
predicted by the RR line (hi = 60 for n = 10).
6.2.2.1. Sensitivity to critical strain. The sensitivity of the K-RR and HRR-RR initiation time predictions to
the critical strain, ecrit, is shown in Figs. 7 and 8, respectively for d/a = 2.2 · 103. Note that when presented in
the form shown in theses ﬁgures the RRss and HRR predictions are independent of ecrit (see Eqs. (26) and
(33)). Predictions are shown in Figs. 7 and 8 for values of ecrit equal to 7% and 50% (which cover the range
of expected values for this class of material). As can be seen, the general trends remain unaltered with increas-1.E-05
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Fig. 6. Normalised initiation time predictions at a distance with an elastic–plastic HRR-ﬁeld stress distribution, HRR-ﬁeld stress
distribution followed by transient creep stress distribution, and steady state creep stress distribution.
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Region 1 expands while Region 5 contracts over the ﬁxed range of C=_e0r0d presented.
6.2.2.2. Sensitivity to crack tip distance. The sensitivity of the predictions to normalised initiation distance d/a
is shown in Fig. 9 for the HRR and HRR-RR predictions (with ecrit = 7%). A change in d/a could imply either
a change in specimen size or a change in critical distance for a ﬁxed specimen size. Note that, as implied in
Section 5.3, the tHRRi _e0=ecrit prediction lines become dependent on d/a when plotted against C
=_e0r0d, but
are independent of d/a when plotted against J/aep0rp0d. Two crack tip distances are examined
d/a = 4.4 · 103 and d/a = 1.1 · 103, which for a/W = 0.45 corresponds to d = 0.05 mm for a half-sized
(W = 25 mm) and large (W = 100 mm) specimen, respectively. It may be see that increasing d/a has a similar
eﬀect to increasing ecrit, as the time required for creep strain to accumulate to a critical value will increase with
both crack tip distance and ecrit. It can also be seen from Figs. 7–9, that as d/a or ecrit is increased, the eﬀect of
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Fig. 9. Normalised initiation time predictions for two normalised distances with an elastic–plastic HRR-ﬁeld stress distribution, HRR-
ﬁeld stress distribution followed by transient creep stress distribution.
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between the K-RR and the K line in Fig. 7 and between the HRR-RR and HRR line in Figs. 8 and 9.
7. Finite element model
In the analytical solution, the value of C(t) and J have been estimated and in evaluating the triaxiality, h, it
has been assumed that the crack tip ﬁelds are characterised by a single parameter. Some discrepancy is thus
expected between the analytical predictions and results from real cracked geometries. The magnitude of the
discrepancy is assessed by comparing the previous results with ﬁnite element (FE) predictions which are
assumed to be ‘exact’ solutions.
A 2-D plane strain FE analysis has been performed using the commercial software package ABAQUS 6.4
(ABAQUS, 2003). The damage parameter has been evaluated within a user deﬁned subroutine (USDFLD). A
small geometry change analysis was performed employing four noded ‘hybrid’ continuum elements (CPE4H).
Half of the specimen has been modelled and symmetry conditions employed. A focused mesh, containing 3104
elements and 2787 nodes, and an inﬁnitely sharp crack tip, modelled using collapsed quadrilateral elements
has been used. J and C* values have been obtained from the FE analysis, from a contour integral averaged
over 41 contours. The value of C(t) is taken at the third contour from the crack tip where d/a = 2.8 · 104.
The value of J at load-up has been obtained from an elastic–plastic analysis for each load considered and
the value of C* taken from the analysis at long times where there appeared to be no further tendency for
C* to change with time. A range of loading conditions has been considered using predominantly elastic to
widespread plastic conditions.
The focused mesh consist of 41, rings spanning a radial distance 0 < d/a < 0.1. The initiation time at a dis-
tance d from the crack tip is taken to be the time for ﬁrst failure of any of the elements in the appropriate ring.
A typical crack tip damage distribution is illustrated in Fig. 10. The darkest regions indicate failure, i.e. x = 1.
As shown in Fig. 10, one of the elements in the ring of radial distance d, has attained x = 1 over its entire area.
The initiation time at d, is therefore the time to failure of this element and the initiation angle, hi, is as deﬁned
in Fig. 10.
7.1. Predictions under elastic–plastic-creep conditions
In Fig. 11 normalised initiation time predictions from the FE analysis are compared to the K-RR and
HRR-RR estimates for a range of C=_e0r0d at a load corresponding to Lr = 0.1. As the load, and thus C*,
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Fig. 10. Damage distribution ahead of the crack tip and the deﬁnition of initiation at a distance d.
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Fig. 11. Comparison of FE initiation time predictions for Lr = 0.1 with K-RR, HRR-RR, and RRss estimates.
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d (a single FE analysis provides results for a range of d values). At low values of C=_e0r0d (distances far from
the crack tip for a given load) the FE solution follows the K-RR and RRss line and for C=_e0r0d < 1 1017
the K-RR prediction is in very good agreement with the FE solution. For high values of C=_e0r0d (i.e. close to
the crack tip for a given load) the slope of the FE prediction follows that of the HRR-RR line. However the
HRR-RR line is signiﬁcantly conservative relative to the FE prediction.
In Fig. 12 normalised initiation time predictions from the FE analysis are compared to the HRR, HRR-RR
and RRss predictions at the load corresponding to Lr = 0.4. For large normalisedC* values, initiation is con-
servatively estimated by the HRR solution at this load, and at lower C=_e0r0d values the initiation time is bet-
ter represented by the HRR-RR estimate. The RRss prediction is found to be non-conservative for the range
of C=_e0r0d shown in Fig. 12.
The ﬁnite element initiation time predictions are re-plotted in non-normalised form in Fig. 13 for a C(T)
specimen of width W = 26 mm (a/W = 0.45 and B/W = 0.5) at the initiation distance d = 0.05 mm for four
loads giving rise to signiﬁcant plasticity at this distance (Lr = 0.2, 0.4, 0.8, 1.1). The FE predictions are com-
pared to the HRR, HRR-RR and RRss predictions. As previously shown, the HRR and HRR-RR estimates
provide conservative estimates of the ﬁnite element prediction for the range of C* considered, at this initiation
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Fig. 12. Comparison of FE initiation time predictions for Lr = 0.4 with HRR, HRR-RR and RRss estimates.
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RRss prediction however is non-conservative relative to the FE prediction—the CCI times from the RRss pre-
diction are on the order of 450 times greater than the FE predictions for a given C*. The FE predictions are in
closest agreement with the HRR-RR line within the range of C* values presented and a reasonable prediction
is also obtained from the HRR line over the relevant range.
The diﬀerence between the FE solution and the HRR-RR line is contributed to by the errors associated
with the deﬁnitions of h and C(t) in the analytical solutions. As shown in Fig. 2, the MSF factor employed
is highly sensitive to h. Therefore, a relatively small overestimate in h leads to a signiﬁcant underestimate
of MSF and ecrit (through Eq. (4)) and thus, from Eq. (31), an overestimate of the damage accumulation rate,
leading to conservative predictions of the CCI time. It has been observed in the FE analyses that the triaxiality
does not directly switch between that of the HRR (or K) ﬁeld to that of the RR ﬁeld as implemented in the
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mated by the RR ﬁeld during the initiation period.
The C(t) estimate of Eq. (17), which was originally derived for elastic-creep behaviour, has been used here
as an estimate for elastic–plastic-creep conditions. By comparing with the FE solution, the C(t) estimates have
been found to be generally conservative during the transient creep period (Davies, 2006). Improved estimates
of the C(t) parameter under elastic–plastic-creep conditions are expected to improve the agreement between
predictions from the K-RR and HRR-RR lines and the ﬁnite element solutions.8. Comparison of predictions with experimental data
The predictions are next compared to experimentally determined initiation times for tests performed on
C(T) specimens of various dimensions. Some of these tests were pre-fatigued to provide a sharp crack tip,
whilst others had a relatively blunt EDM notch (typical notch diameter, 0.25 mm). All the predictions shown
are based on the initiation distance d = 0.05 mm and the experimentally determined test initiation times for the
measured crack extension of Da = 0.05 mm, determined using potential drop techniques. Further information
on the experimental measurements is provided in Bettinson (2002) and Dean and Gladwin (2004). The crack
tip parameters J and C* have been evaluated for each specimen using the EPRI solution at the original crack
length, which are in agreement with the FE values. As plane strain conditions are expected to prevail close to
the crack tip the J and C* solutions and the prediction lines are based on plane strain conditions.
In Fig. 14 the experimentally determined initiation times are plotted against J and the data are compared to
the HRR prediction. As previously, stated the HRR prediction is independent of specimen geometry when
plotted in this way. Thus data from a variety of specimen sizes can be analysed together. (It has also been
conﬁrmed that the HRR and HRR-RR predictions are identical for the cases examined.) It is seen in
Fig. 14 that the HRR prediction for a given J, is generally conservative by two to three orders of magnitude.
The crack initiation angles for the data in Fig. 14 have not been recorded. However, during creep testing
crack growth in the plane of the crack (h = 0) is generally promoted by the presence of side-grooves. There is
some evidence that crack growth may occur at a non-zero angle for smooth specimens (without side-grooves),
see e.g. Dean and Gladwin (2004). The assumption made in this work that crack growth can take place at any
angle h, is expected to provide a conservative estimate of initiation times for side-grooved specimens.
In Fig. 15 the experimentally determined initiation times are plotted against the EPRI C* and compared to
the RRss prediction line. Note that the HRR and RRss lines cannot be shown on the same ﬁgure as the HRR1.E-04
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to provide a very non-conservative prediction of experimental initiation times (see e.g. Fig. 6). However, in
Fig. 15, some data points lie above the RRss line. This may be due to inaccuracies in measuring the experi-
mental initiation times, which is particularly diﬃcult for short initiation distances or to variations in creep
properties from specimen to specimen. Note also that six of the seven points lying close to the RRss line
had EDM notches rather than sharp fatigue cracks and thus would be expected to have relatively long
CCI times. The method proposed is based on the assumption of a sharp crack and thus predictions are expect-
ed to be conservative compared to that obtained from EDM notched specimens, and for the pre-fatigued spec-
imen data. The RRss prediction is however non-conservative for the majority of the data (i.e. the model
predicts longer initiation times then is observed in the experiments).
9. Conclusions
An analytical method has been developed to predict creep crack initiation, CCI, based on the accumulation
of a critical quantity of damage at an initiation distance, accounting for the redistribution of stresses from that
experienced on initial loading from an elastic or elastic–plastic ﬁeld to a steady state creep stress distribution
via a transient creep region. The method has been applied to predict CCI times for a compact tension specimen
of type 316H stainless steel at 550 C. Reasonable and conservative predictions of CCI time can be obtained
from the analytical solution relative to ﬁnite element solutions. Conservative predictions of experimental CCI
times have been obtained when redistribution is accounted for. The CCI times obtained using the steady state
creep distribution are, however, found to be non-conservative.
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